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CANONICAL COORDINATES ON MINIMAL TIME-LIKE SURFACES
IN THE N-DIMENSIONAL MINKOWSKI SPACE
GEORGI GANCHEV AND KRASIMIR KANCHEV
Abstract. We introduce canonical coordinates on minimal time-like surfaces in the
n-dimensional Minkowski space and prove the existence and the uniqueness of these
parameters. With respect to these coordinates the coefficients of the first fundamental
form are expressed by the invariants of the surface.
On any time-like surface we introduce a special complex function over the algebra of
the double numbers and apply the analysis over the algebra of the double numbers as
a convenient tool to study these surfaces. Then the canonical coordinates on minimal
time-like surfaces are characterized by a natural condition for this complex function.
We consider the hyperbola of the normal curvature of any minimal time-like surface
and give a geometric interpretation of the canonical coordinates in terms of the elements
of this hyperbola.
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1. Introduction
In the classical differential geometry of the surfaces in Euclidean space R3 the existence
of principal parameters is an important property, which simplifies the calculations and
the geometric interpretation of the results obtained. Further these parameters can be
specialized for some special classes of surfaces. In [7] it was shown that any Weingarten
surface in R3 admits special principal parameters in which the coefficients of the first
fundamental form are expressed through invariants of the surface. This means that these
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parameters cannot be improved further and that is why they were called canonical. Using
canonical parameters, it was proved in [7] that the local geometry of Weingarten surfaces
is determined by one function satisfying one PDE. The process of introducing similar pa-
rameters on surfaces of co-dimension two began with the minimal surfaces. Geometrically
determined special isothermal parameters on minimal surfaces in R4 were introduced in
[10]. Further, these parameters were used in [16] to prove that the local geometry of
minimal surfaces in R4 is determined by two invariant functions satisfying two PDEs. In
[3], on the base of the canonical coordinates we solved explicitly the system of background
PDEs of minimal surfaces in R4 in terms of two holomorphic functions in C.
Canonical coordinates on minimal space-like surfaces in Minkowski space-time R41 were
used in [2] to prove that the local geometry of these surfaces is determined by two invariant
functions satisfying two PDEs. In [4] we gave an explicit solution to the system of natural
(background) PDEs of minimal space-like surfaces in R41.
Canonical coordinates on minimal space-like surfaces in the pseudo-Euclidean 4-space
with neutral metric R42 were introduced and used in [14] to prove similar results. In [6]
we gave another approach to the canonical coordinates on minimal space-like surfaces in
R42 and obtained canonical Weierstrass formulas for the minimal surfaces in R
4
2 in terms
of two holomorphic functions in C. In [5] we solved explicitly the system of natural PDEs
of minimal space-like surfaces in R42.
In [8] time-like surfaces in Minkowski space-time were studied in the above mentioned
scheme: it was proved that these surfaces admit locally canonical parameters and their
geometry is determined by two invariant functions, satisfying a system of two natural
PDEs.
Minimal Lorentzian surfaces in R42, whose Gauss curvature K and curvature of the
normal connection κ satisfy the inequality K2 − κ2 > 0, were studied in [15] and [12].
In this paper we study time-like surfaces in an arbitrary dimensional Minkowski space
Rn1 and prove that these surfaces admit locally canonical parameters. The aim of our
investigations is to apply the analysis over the double numbers in D as a convenient tool
especially in the geometry of minimal time-like surfaces. To this end, we consider any time-
like surface M = (D, x(u, v)) parametrized by isothermal parameters (u, v) ∈ D ⊂ R2.
Then we introduce the ”complex” variable t = u + jv ∈ D, where j2 = 1 . Thus any
function on M can be considered as a function of t.
Considering the natural extension Dn1 over D of R
n
1 , in Section 3 we introduce on any
time-like surface M the Dn1 -valued function Φ by equality (3.1).
In Section 4 we characterize minimal time-like surfaces in Rn1 via the function Φ. The-
orem 4.1 states that a time-like surface M is minimal if and only if the function Φ
is holomorphic in D. Theorem 4.2 gives the representation of the minimal surface M
through the primitive function Ψ of Φ.
In Section 5 we obtain formulas (5.2) and (5.7) for the Gauss curvatureK of the minimal
time-like surface expressed by the function Φ.
In Section 6 we introduce degenerate points on a minimal time-like surface and char-
acterize them geometrically. In Theorem 6.7 we prove that any minimal time-like surface
free of degenerate points admits locally canonical coordinates, which are characterized
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by the condition Φ′2 = 1 . In Theorem 6.8 we prove the uniqueness of the canonical
coordinates.
In Section 7 we consider the hyperbola of the normal curvature of a minimal time-
like surface and give a geometric interpretation of the canonical parameters through the
elements of this hyperbola.
We note that this paper prepares the application of our approach to further investigation
of minimal time-like surfaces in R41 and R
4
2.
2. Preliminaries
We denote by Rn1 the standard n-dimensional Minkowski space with scalar product:
(2.1) a · b = −a1b1 + a2b2 + · · ·+ anbn .
LetM0 denote a two-dimensional differentiable manifold, and x – an immersion ofM0
in Rn1 . Then M = (M0, x) (or only M) is a (regular) surface in Rn1 . Tp(M) ⊂ Rn1 will
stand for the tangent space ofM at the point p ∈M, and Np(M) will denote the normal
space ofM at p, which is the orthogonal complement of Tp(M) in Rn1 . The scalar product
in Rn1 induces a scalar product in Tp(M). The surface M is said to be time-like, if the
induced scalar product in Tp(M) is indefinite.
Further, (u, v) will denote a pair of coordinates (parameters) in a domainD ⊂ R2. Thus,
the immersion x generates a vector function x(u, v) : D → Rn1 . Since our considerations
are local, we suppose that M is given by (D, x), where D ⊂ R2.
For the coefficients of the first fundamental form ofM we use the standard denotations
E = x2u, F = xu · xv and G = x2v. In classical denotations, the first fundamental form is
written in the form:
I = E du2 + 2F dudv +Gdv2.
It is well known, that there exist locally, around any point p ∈ M, isothermal coor-
dinates characterized by the conditions E = −G and F = 0. Further, we suppose that
(u, v) are isothermal coordinates on M and the enumeration of these coordinates is such
that E < 0, G > 0.
Studying time-like surfaces, it is convenient to identify the coordinate plane R2 with
the plane of the double numbers D, which are defined in the following way:
D = {t = u+ jv : u, v ∈ R, j2 = 1} .
Along with the real coordinates (u, v), we also consider the coordinate t = u+jv, t ∈ D ⊂
D. In this way, all functions on M will also be considered as functions of the variable t.
If t = u + jv ∈ D, then |t|2 denotes the square of the modulus (the amplitude), which
is given by:
|t|2 = tt¯ = (u+ jv)(u− jv) = u2 − v2.
We denote by D0 the set of non-invertible elements in D, characterized by the conditions:
(2.2) D0 = {t ∈ D : |t|2 = 0} = {t ∈ D : Re t = ± Im t} .
Further, we denote by D+ the set of the ”positive” elements in D:
(2.3) D+ = {t ∈ D : |t|2 > 0; Re t > 0} = {t ∈ D : Re t± Im t > 0} .
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In many cases, making calculations with the numbers in D it is more convenient instead
of the basis (1, j) to use the basis (q, q¯), where:
(2.4) q =
1− j
2
; q¯ =
1 + j
2
.
This basis is said to be a diagonal basis or null-basis. It is easily seen that:
(2.5) q2 = q ; q¯2 = q¯ ; qq¯ = 0 .
Any number in t ∈ D is represented with respect to the null-basis (q, q¯) in the following
way:
(2.6) t = u+ jv = (u− v)q + (u+ v)q¯ .
Using (2.5), it follows that the addition, as well as the multiplication with respect to the
basis (q, q¯), are accomplished by components:
(2.7)
(a1q + b1q¯) + (a2q + b2q¯) = (a1 + a2)q + (b1 + b2)q¯ ,
(a1q + b1q¯)(a2q + b2q¯) = (a1a2)q + (b1b2)q¯ .
This means that D as an algebra is isomorphic to two copies of R: D = R⊕R. It follows
from (2.6) that the sets D0 and D+ are represented as follows:
D0 = {t = aq + bq¯ ∈ D : a = 0 or b = 0} .
D+ = {t = aq + bq¯ ∈ D : a > 0 and b > 0} .
If f : D → D is a differentiable function, then its differential is given by:
df =
∂f
∂t
dt+
∂f
∂t¯
dt¯ ,
where ∂
∂t
and ∂
∂t¯
by definition are:
(2.8)
∂
∂t
=
1
2
(
∂
∂u
+ j
∂
∂v
)
;
∂
∂t¯
=
1
2
(
∂
∂u
− j ∂
∂v
)
.
The function f is said to be holomorphic, if ∂f
∂t¯
= 0 and respectively anti-holomorphic, if
∂f
∂t
= 0 . If f = g + jh is the representation of f with a ”real” part g and an ”imaginary”
part h, then f is holomorphic if and only if the conditions, analogous to the Cauchy-
Riemann conditions, are fulfilled:
(2.9) hu = gv ; hv = gu .
These equalities show that, similarly to the case of C, a map is conformal with respect
to the indefinite metric R21, if and only if the map is given by a holomorphic or an anti-
holomorphic function in D. There exists also an analogue of the inverse function theorem:
If f is a holomorphic function satisfying the condition |f ′|2 6= 0 , then there exists at least
locally a unique inverse holomorphic function. In particular, taking an nth root, where
n is an entire positive number, gives a holomorphic function, defined and with values in
D+ . Foundations of the algebra and the analysis of the double numbers D can be found
e.g. in [1], [11], [13].
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Denote by Dn1 the set D
n endowed with the bilinear product a · b, which is the natural
extension of the product in Rn1 , given by (2.1). Then the scalar square a
2 ∈ D of a ∈ Dn1
is given by
a2 = a · a = −a21 + a22 + · · ·+ a2n .
The square of the norm ‖a‖2 ∈ R of a ∈ Dn1 is the number
‖a‖2 = a · a¯ = −|a1|2 + |a2|2 + · · ·+ |an|2,
which is not necessarily positive.
Using the standard embedding of Rn1 into D
n
1 , we shall consider the ”complexified”
tangent space Tp,D(M) ofM at the point p as a subspace of Dn1 , which is the linear span
of Tp(M) in Dn1 . Similarly, we shall identify ”complexified” normal space Np,D(M) ofM
at the point p with the corresponding subspace of Dn1 , which is the linear span of Np(M)
in Dn1 .
Since Tp,D(M) and Np,D(M) are generated by the real subspaces Tp(M) and Np(M),
respectively, then they are mutually orthogonal and closed with respect to the complex
conjugation in Dn1 . Therefore, we have the following orthogonal decomposition:
D
n
1 = Tp,D(M)⊕Np,D(M) .
We denote by a⊤ the orthogonal projection of a vector a of Dn1 into the complexified
tangent space of M. Similarly, we denote by a⊥ the orthogonal projection of a into the
complexified normal space of M. Then any vector a is decomposed as follows:
a = a⊤ + a⊥.
Let ∇ be the canonical linear connection in Rn1 . If X and Y are tangent vector fields
and n is a normal vector field for M, then the Gauss and Weingarten formulas are as
follows:
∇XY = ∇TXY+ σ(X,Y) ,
∇Xn = −An(X) +∇NXn ,
where ∇T is the Levi-Civita connection on M, σ(X,Y) is the second fundamental form,
An is the Weingarten map with respect to n and ∇NXn is the normal connection on M.
The Weingarten map and the second fundamental form are related by the equality:
AnX ·Y = σ(X,Y) · n .
The curvature tensor R on M and the curvature tensor RN of the normal connection
are defined as follows:
R(X,Y)Z = ∇TX∇TYZ−∇TY∇TXZ−∇T[X,Y]Z ,
RN(X,Y)n = ∇NX∇NYn−∇NY∇NXn−∇N[X,Y]n .
The covariant derivative of σ is calculated by the formula:
(∇Xσ)(Y,Z) = ∇NXσ(Y,Z)− σ(∇TXY,Z)− σ(Y,∇TXZ) .
The tensors R, RN and ∇σ satisfy the fundamental equations in the theory of Rie-
mannian submanifolds:
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Gauss equation:
(2.10) R(X,Y)Z ·W = σ(X,W)σ(Y,Z)− σ(X,Z)σ(Y,W) ,
Codazzi equation:
(2.11) (∇Xσ)(Y,Z) = (∇Yσ)(X,Z) ,
Ricci equation:
(2.12) RN(X,Y)n ·m = [An, Am]X · Y .
In the last equality [An, Am] denotes the commutator AnAm −AmAn of An and Am.
The basic invariants of any time-like surface M in Rn1 are its mean curvature H and
Gauss curvature K. Let X1 and X2 be two orthonormal tangent vector fields onM, such
that X21 = −1 . Then H is given by:
(2.13) H =
1
2
trace σ =
1
2
(−σ(X1,X1) + σ(X2,X2)) .
The Gauss curvature K by definition is:
(2.14) K = −R(X1,X2)X2 · X1 ,
or in view of (2.10):
(2.15) K = −σ(X1,X1)σ(X2,X2) + σ2(X1,X2) .
In this paper we study minimal time-like surfaces, which are determined by:
Definition 2.1. A time-like surface in Rn1 is said to be a minimal time-like surface if
H = 0 .
It follows from formula (2.13) that any minimal time-like surface satisfies the condition:
σ(X2,X2) = σ(X1,X1). Then the equality (2.15) gets the form:
(2.16) K = −σ2(X1,X1) + σ2(X1,X2) .
3. Definition and basic properties of the Dn1 -valued vector function Φ.
For any time-like surfaceM = (D, x) in Rn1 , parametrized by local coordinates (u, v) ∈
D, we define the vector function Φ(t), t = u+ jv ∈ D, Φ(t) ∈ Dn1 as follows:
(3.1) Φ(t) = 2
∂x
∂t
= xu + jxv .
Further we use this function as the basic analytic tool in the study of local properties
of minimal time-like surfaces in Rn1 . First we obtain the basic algebraic and analytic
properties of Φ.
Squaring equality (3.1), we have:
Φ2 = (xu + jxv)
2 = x2u + x
2
v + 2j xuxv .
We get from here the following equivalent statements:
Φ2 = 0 ⇔ x
2
u + x
2
v = 0
xuxv = 0
⇔ E = x
2
u = −x2v = −G
F = 0 .
Therefore we have
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Proposition 3.1. If M is a time-like surface in Rn1 , then the coordinates (u, v) are
isothermal if and only if Φ2 = 0 .
In this paper we consider time-like surfaces, parametrized by isothermal coordinates,
which means that:
(3.2) Φ2 = 0 .
The norm of Φ satisfies the equalities:
‖Φ‖2 = ΦΦ¯ = x2u − x2v = E −G = 2E = −2G .
Consequently the coefficients of the first fundamental form are expressed through Φ as
follows:
(3.3) E = −G = 1
2
‖Φ‖2 ; F = 0 .
Then the first fundamental form can be written in the form:
(3.4) I = E (du2 − dv2) = 1
2
‖Φ‖2(du2 − dv2) = 1
2
‖Φ‖2|dt|2.
Under the condition E < 0, it follows from the equality (3.3) that Φ satisfies the condition:
(3.5) ‖Φ‖2 < 0 .
Denote by ∆h the hyperbolic Laplace operator in R21, given by the equality::
∆h =
∂2
∂u2
− ∂
2
∂v2
.
Differentiating equality (3.1) and using that ∂
∂t¯
∂
∂t
= 1
4
∆h, we get:
(3.6)
∂Φ
∂t¯
=
∂
∂t¯
(
2
∂x
∂t
)
=
1
2
∆hx .
It follows from the above formula, that
∂Φ
∂t¯
is a real vector function, which is equivalent
to the following equality:
(3.7)
∂Φ
∂t¯
=
∂Φ¯
∂t
.
Thus, we established that any function Φ, given by equality (3.1), has the properties
(3.2), (3.5) and (3.7). Conversely, these three properties are sufficient for a Dn1 -valued
function to be obtained as described. We have:
Theorem 3.2. Let the time-like surface M = (D, x) in Rn1 be given in isothermal coordi-
nates (u, v) ∈ D, so that E < 0 and let t = u+ jv. Then the function Φ, defined by (3.1),
satisfies the conditions:
(3.8) Φ2 = 0 ; ‖Φ‖2 < 0 ; ∂Φ
∂t¯
=
∂Φ¯
∂t
.
Conversely, let Φ(t) : D → Dn1 be a vector function, defined in a domain D ⊂ D,
satisfying the conditions (3.8). Then around any point t0 ∈ D there exists a subdomain
D0 ⊂ D and a function x : D0 → Rn1 , such that (D0, x) is a regular time-like surface
in Rn1 , parametrized by isothermal coordinates (u, v), given by t = u + iv. This surface
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satisfies the conditions E < 0 and (3.1). The surface (D0, x) is determined by the function
Φ through the equality (3.1) uniquely up to a translation in Rn1 .
Proof. We have already seen that any function defined by (3.1) satisfies (3.8). It remains
to prove the inverse assertion. Suppose that the function Φ(t) satisfies (3.8). Taking into
account the definition of
∂Φ
∂t¯
we get:
2
∂Φ
∂t¯
= (Re(Φ)u − Im(Φ)v) + j(−Re(Φ)v + Im(Φ)u) .
The third condition in (3.8) gives that Im 2
∂Φ
∂t¯
= 0 , which implies:
Re(Φ)v = Im(Φ)u .
Therefore, it follows that for any t0 ∈ D there exists a neighborhood D0 ⊂ D of t0 and a
function x : D0 → Rn1 , such that:
xu = Re(Φ) ; xv = Im(Φ) .
The last equalities are equivalent to (3.1). The first two conditions in (3.8) give xu · xv =
0 and x2u = −x2v < 0. This means that (D0, x) is a regular time-like surface in Rn1 ,
parametrized by isothermal coordinates (u, v), such that E < 0. Note that the derivatives
xu and xv are determined uniquely from the equality (3.1). Consequently, the function
x(u, v) is determined uniquely up to an additive constant, which proves the assertion. 
Finally we shall obtain the transformation formulas for Φ under a change of the isother-
mal coordinates and under a motion of the surface M = (D, x) in Rn1 . Consider a change
of the isothermal coordinates, which in complex form is given by the equality: t = t(s).
Since the change of the isothermal coordinates is a conformal map in D, then the function
t(s) is either holomorphic, or anti-holomorphic. Denote by Φ˜(s) the function, correspond-
ing to the new coordinates s.
First we consider the holomorphic case. From the definition (3.1) of Φ we have:
Φ˜(s) = 2
∂x
∂s
= 2
∂x
∂t
∂t
∂s
+ 2
∂x
∂t¯
∂t¯
∂s
= 2
∂x
∂t
∂t
∂s
+ 2
∂x
∂t¯
0 = 2
∂x
∂t
∂t
∂s
.
Therefore, under a holomorphic change of the coordinates t = t(s) we have:
(3.9) Φ˜(s) = Φ(t(s))
∂t
∂s
.
In a similar way, in the anti-holomorphic case, we get:
(3.10) Φ˜(s) = Φ¯(t(s))
∂t¯
∂s
.
Especially, under the change t = s¯, the function Φ is transformed as follows:
(3.11) Φ˜(s) = Φ¯(s¯) .
Using the above formulas for Φ˜ we find the coefficient E˜ of the first fundamental form.
Thus, under a holomorphic change of the coordinates t = t(s), it follows from (3.3) and
(3.9) that:
(3.12) E˜(s) = E(t(s))|t′(s)|2.
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We use such isothermal coordinates that E(t) < 0 and E˜(s) < 0. Then it follows from
the above equality, that the admissible changes satisfy the condition |t′(s)|2 > 0 .
Respectively, under the change t = s¯, we get from (3.3) and (3.11) the equality
(3.13) E˜(s) = E(s¯) .
Taking into account the Cauchy-Riemann conditions (2.9), it follows that the Jacobian
of a holomorphic change of the type t = t(s) is equal to |t′(s)|2. Therefore the inequalities
E(t) < 0 and E˜(s) < 0 give that the orientation of the surface is preserved under a
holomorphic change. The orientation of the surface is converted under the change t =
s¯ and therefore the orientation of the surface is converted under any anti-holomorphic
change satisfying the condition E˜(s) < 0. Thus, we have:
Proposition 3.3. Let M be a time-like surface in Rn1 and let t and s be isothermal
coordinates on M, such that the corresponding coefficients of the first fundamental form
satisfy the conditions E(t) < 0 and E˜(s) < 0 . Then t and s generate one and the same
orientation of M, if and only if the change t = t(s) is holomorphic; t and s generate
different orientations of M, if and only if the change t = t(s) is anti-holomorphic.
Now, consider two time-like surfaces M = (D, x) and Mˆ = (D, xˆ) in Rn1 , parametrized
by isothermal coordinates t = u+ jv in one and the same domain D ⊂ D. Suppose that
Mˆ is obtained fromM through a motion (possibly improper) in Rn1 given by the equality:
(3.14) xˆ(t) = Ax(t) + b ; A ∈ O(Rn1 ), b ∈ Rn1 .
We obtain from here the relation between the corresponding functions Φ and Φˆ:
(3.15) Φˆ(t) = AΦ(t) ; A ∈ O(Rn1 ) .
Conversely, if Φ and Φˆ are related by (3.15), then it follows that xˆu = Axu and xˆv = Axv,
which implies (3.14). Therefore, the relations (3.14) and (3.15) are equivalent.
4. Characterization of minimal time-like surfaces in Rn1 via the function
Φ and its primitive function Ψ.
LetM = (D, x) be a time-like surface in Rn1 given in isothermal coordinates t = u+ jv,
and Φ be the function, defined by (3.1). First we shall express the condition for the
surface M to be minimal through the function Φ. For this purpose, let us consider the
orthonormal basis (X1,X2) of Tp(M), where X1 and X2 are the unit tangent vectors
oriented as the coordinate vectors xu and xv, respectively:
(4.1) X1 =
xu√−E ; X2 =
xv√
G
=
xv√−E .
In view of (3.1) the coordinate vectors xu and xv are expressed by Φ as follows:
(4.2)
xu = Re(Φ) =
1
2
(Φ + Φ¯) ,
xv = Im(Φ) =
1
2j
(Φ− Φ¯) = j
2
(Φ− Φ¯) .
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Differentiating equality (3.2), we get:
(4.3) Φ · ∂Φ
∂t¯
= 0 .
According to (3.6) the function
∂Φ
∂t¯
is real. Then, applying a complex conjugation in
(4.3), we have:
(4.4) Φ¯ · ∂Φ
∂t¯
= 0 .
Equalities (4.2) show that Φ and Φ¯ form a basis of Tp,D(M) at any point p ∈M. Then, it
follows from (4.3) and (4.4) that
∂Φ
∂t¯
is a vector, orthogonal to Tp(M) and consequently
(4.5)
∂Φ
∂t¯
∈ Np(M) .
The last condition and (3.6) imply that:
∂Φ
∂t¯
=
(
∂Φ
∂t¯
)⊥
=
1
2
(∆hx)⊥ =
1
2
(xuu − xvv)⊥ = 1
2
(∇xuxu −∇xvxv)⊥
=
1
2
(σ(xu, xu)− σ(xv, xv)) = E 1
2
(−σ(X1,X1) + σ(X2,X2)) = EH .
Finally we have:
(4.6)
∂Φ
∂t¯
=
1
2
∆hx = EH .
The last equalities imply the following statement:
Theorem 4.1. Let M = (D, x) be a time-like surface in Rn1 , given in isothermal coordi-
nates (u, v) ∈ D, and Φ(t) be the vector function, defined in D, given by (3.1). Then the
following three conditions are equivalent:
(1) The function Φ(t) is holomorphic:
∂Φ
∂t¯
= 0 .
(2) The function x(u, v) is hyperbolically harmonic: ∆hx = 0 .
(3) M = (D, x) is a minimal time-like surface in Rn1 : H = 0 .
Equality (3.1) gives further:
(4.7)
∂Φ
∂t
=
xuu + xvv
2
+ jxuv ;
(
∂Φ
∂t
)⊥
=
σ(xu, xu) + σ(xv, xv)
2
+ jσ(xu, xv) .
In the case of a minimal surface, according to the above theorem, Φ is holomorphic
function and therefore
∂Φ
∂t¯
= 0. As usual, we shall use for
∂Φ
∂t
the shorter denotation Φ′.
The condition for M to be minimal gives that:
(4.8) σ(X2,X2) = σ(X1,X1) ; σ(xv, xv) = σ(xu, xu) .
The next formulas give the function Φ′ and its orthogonal projection into Np,D(M):
(4.9) Φ′ =
∂Φ
∂u
= xuu + jxuv ; Φ
′⊥ = x⊥uu + jx
⊥
uv = σ(xu, xu) + jσ(xu, xv) .
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Then σ(xu, xu), σ(xv, xv) and σ(xu, xv) can be expressed through the function Φ as
follows:
(4.10)
σ(xu, xu) = Re(Φ
′⊥) =
1
2
(Φ′⊥ + Φ′⊥) =
1
2
(Φ′⊥ + Φ′
⊥
) ,
σ(xv, xv) = Re(Φ
′⊥) =
1
2
(Φ′⊥ + Φ′⊥) =
1
2
(Φ′⊥ + Φ′
⊥
) ,
σ(xu, xv) = Im(Φ
′⊥) =
1
2j
(Φ′⊥ − Φ′⊥) = j
2
(Φ′⊥ − Φ′⊥) .
If the time-like surfaceM = (D, x) is minimal, then according Theorem 4.1 the function
x is hyperbolically harmonic. Then we can introduce locally the harmonic conjugate
function y of x through the Cauchy-Riemann conditions: yu = xv and yv = xu. Denote
by Ψ the Dn1 -valued vector function given by the equality:
(4.11) Ψ = x + jy .
Since the function Ψ is holomorphic, then we obtain formulas for x and Φ through the
function Ψ:
(4.12) x = ReΨ ; Φ = xu + jxv = xu + jyu =
∂Ψ
∂u
= Ψ′.
Now we shall express the conditions for M to be minimal through the function Ψ:
Theorem 4.2. Let M = (D, x) be a minimal time-like surface in Rn1 , given in isothermal
coordinates (u, v) ∈ D. Then x is represented locally in the form:
(4.13) x(u, v) = ReΨ(t) ,
where Ψ is a holomorphic Dn1 -valued function of t = u+ jv, satisfying the conditions:
(4.14) Ψ′ 2 = 0 ; ‖Ψ′‖2 < 0 .
Conversely, if Ψ is a holomorphic Dn1 -valued function, defined in a domain D ⊂ D,
satisfying (4.14), then the pair (D, x), where x is given by (4.13), is a minimal time-like
surface in Rn1 parametrized by isothermal coordinates (u, v).
Proof. If M = (D, x) is a minimal time-like surface in Rn1 , then the function Ψ, defined
by (4.11), satisfies (4.12). The properties (4.14) are equivalent to the corresponding
properties (3.8) of Φ.
Conversely, if Ψ is a holomorphic Dn1 -valued function with properties (4.14), then
putting x = ReΨ and Φ = Ψ′ we obtain that Φ = xu + jxv and therefore Theorem 3.2
is applicable. Hence, (D, x) is a regular time-like surface in Rn1 in isothermal coordinates
(u, v). Since x is hyperbolically harmonic, then (D, x) is a minimal surface. 
Next we consider the question how the function Ψ is transformed under a change of the
isothermal coordinates and under a motion of the surface M in Rn1 .
Under a holomorphic change of the coordinates t = t(s) we have x(t(s)) = ReΨ(t(s)).
Since the function Ψ(t(s)) is holomorphic, then in this case Ψ(t) is transformed into
Ψ(t(s)). Any anti-holomorphic change can be reduced to a holomorphic change and the
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special change t = s¯. Under the last change we have x(s¯) = Re Ψ¯(s¯) and therefore in this
case Ψ(t) is transformed into Ψ¯(s¯).
For the next question, let M = (D, x) and Mˆ = (D, xˆ) be two minimal time-like
surfaces in Rn1 , given in isothermal coordinates. These surfaces are related by a motion
(possibly improper) in Rn1 , given by the formula xˆ(t) = Ax(t) + b, where A ∈ O(Rn1 )
and b ∈ Rn1 , if and only if the corresponding functions Ψ and Ψˆ satisfy the equality
Ψˆ(t) = AΨ(t) + b.
Theorem 4.2 shows that from a given minimal time-like surface M = (D, x) we can
obtain (at least locally) other minimal time-like surfaces using different modifications of
the function Ψ. For example, if k > 0 is a constant, then the function kΨ also satisfies
the conditions (4.14) and therefore we can apply Theorem 4.2 to (D, xˆ = Re(kΨ)). In this
way, we obtain a new minimal time-like surface Mˆ in Rn1 , which satisfies the equality:
xˆ = kx. This means that the surface Mˆ is obtained from the surface M through a
homothety with coefficient k. Thus we have:
Proposition 4.3. Let M be a minimal time-like surface in Rn1 , given in isothermal
coordinates (u, v), such that E < 0. If the surface Mˆ is obtained from M through a
homothety with coefficient k, then Mˆ is also a minimal time-like surface in isothermal
coordinates (u, v). The corresponding functions Φˆ and Eˆ of Mˆ are obtained by:
(4.15) Φˆ(t) = kΦ(t) ; Eˆ(t) = k2E(t) .
Proof. It follows from the notes before the above statement that the notions of a mini-
mal time-like surface and isothermal coordinates are invariant under a homothety in Rn1 .
Further, the first equality in (4.15) follows from Φˆ = (kΨ)′ = kΦ. The second equality
follows from the first one and (3.3). 
Another way to obtain a new minimal time-like surface from a given minimal time-
like surface M is to find the conjugate surface of M. This surface is obtained taking
the harmonic conjugate function y of x, introduced above. The equality x = ReΨ gives
y = Re(jΨ). The function jΨ satisfies the conditions (jΨ′)2 = 0 and ‖jΨ′‖2 = −‖Ψ′‖2 > 0.
In order to apply Theorem 4.2 to y and jΨ we have to make a change of the isothermal
coordinates of the type t = js. Then the function Ψˆ(s) = jΨ(js) satisfies the conditions
(4.14). It follows from Theorem 4.2 that y(js) = Re(jΨ(js)) determines a minimal time-
like surface in Rn1 . Since our considerations are local, we can suppose that y is defined in
the whole domain jD.
We give the following:
Definition 4.1. Let M = (D, x(t)) be a minimal time-like surface in Rn1 , given in
isothermal coordinates t ∈ D. The surface M¯ = (jD, y(js)), where y is a function
(hyperbolically) harmonic conjugate to x, is said to be conjugate to the given surface
M = (D, x(t)).
Taking into account the transformation properties of the function Ψ, it follows that the
function y is invariant under a holomorphic change of the isothermal coordinates, while
under an anti-holomorphic change of the isothermal coordinates the function y is replaced
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by −y. Furthermore, the harmonic conjugate function of a given one is determined
uniquely up to an additive constant. Geometrically this means that the surface, conjugate
to a given one, is defined locally and is determined uniquely up to a motion (possibly
improper in the case of an odd dimension n) in Rn1 . If Φˆ(s) and Eˆ(s) are the corresponding
functions of M¯, then the definition and (3.3) imply that:
(4.16) Φˆ(s) = (jΨ(js))′ = Φ(js) ; ‖Φˆ(s)‖2 = ‖Φ(js)‖2 ; Eˆ(s) = E(js) .
In the above construction of a conjugate minimal time-like surface, let us replace j in jΨ
with an arbitrary double number of the type ejθ, θ ∈ R. Then the function ejθΨ satisfies
the conditions (4.14). Therefore, we obtain a one-parameter family of minimal time-like
surfaces by the formula:
(4.17) xθ = Re e
jθΨ = x cosh θ + y sinh θ .
This leads to the following
Definition 4.2. LetM = (D, x) be a minimal time-like surface in Rn1 , given in isothermal
coordinates (u, v) ∈ D. The family of surfaces Mθ = (D, xθ), θ ∈ R, where xθ is given by
(4.17), is said to be the one-parameter family of minimal time-like surfaces associated
to M = (D, x).
Similarly to the remark about the conjugate minimal time-like surface, we have: The
one-parameter family of minimal time-like surfaces associated to a given one is locally
defined and is determined up to a motion in Rn1 .
Note that, unlike the case of minimal space-like surfaces, the minimal time-like surface,
conjugate to a given one, does not belong to the family of the minimal time-like surfaces,
associated to the given one. This is because j 6= ejθ for every θ ∈ R.
If Φθ(t) and Eθ(t) are the corresponding functions for Mθ, then it follows from the
definition and (3.3) that:
(4.18) Φθ(t) = (e
jθΨ(t))′ = ejθΦ(t) ; ‖Φθ(t)‖2 = ‖Φ(t)‖2 ; Eθ(t) = E(t) .
One of the basic properties of this family is that any two surfaces from the family are
isometric to each other.
Proposition 4.4. IfM = (D, x) is a minimal time-like surface in Rn1 , given in isothermal
coordinates (u, v) ∈ D, andMθ = (D, xθ) is its corresponding family of associated minimal
time-like surfaces, then the map Fθ : x(u, v) → xθ(u, v) gives an isometry between M
and Mθ for any θ.
Proof. The map Fθ, written in local coordinates (u, v), coincides with the identity in
D. Then the assertion that Fθ is an isometry follows from the equality Eθ = E of
the coefficients of the first fundamental forms at the corresponding points, which was
established in (4.18). 
If M¯ = (D, y(t)) is the surface, conjugate toM = (D, x(t)), then we also have a natural
map between M and M¯, given by the formula F : x(t)→ y(t). It is easily seen from the
formulas immediately before Definition 4.1 that in this case we have Eˆ(t) = −E(t). This
equality means that F is an anti-isometry. Thus we have:
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Proposition 4.5. LetM = (D, x) be a minimal time-like surface in Rn1 , given in isother-
mal coordinates (u, v) ∈ D, and M¯ = (D, y) be its conjugate minimal time-like surface.
Then the map F : x(u, v)→ y(u, v) gives an anti-isometry between M and M¯.
5. Relations between the Gauss curvature K and the function Φ
Let M = (D, x) be a minimal time-like surface in Rn1 , given in isothermal coordinates
(u, v) ∈ D and let X1 and X2 be the unit tangent vectors, oriented as the coordinate
vectors xu and xv, respectively. Considering again the formula (4.9) for Φ
′⊥, we get:
Φ′⊥ = σ(xu, xu) + jσ(xu, xv) = −E(σ(X1,X1) + jσ(X1,X2)) .
Further, we find ‖Φ′⊥‖2:
‖Φ′⊥‖2 = E2(σ2(X1,X1)− σ2(X1,X2)) .
It follows from the last formula and (3.3) that:
(5.1) σ2(X1,X1)− σ2(X1,X2) = ‖Φ
′⊥‖2
E2
=
4‖Φ′⊥‖2
‖Φ‖4 .
Applying the last equality to the formula (2.16) for K, we obtain the first formula, ex-
pressing K through Φ:
(5.2) K = −4‖Φ
′⊥‖2
‖Φ‖4 .
This formula has the disadvantage, that the orthogonal projection Φ′⊥ of the holomor-
phic function Φ′ is not in general holomorphic. Next we find another representation of
‖Φ′⊥‖2 through holomorphic functions. First we note that the equality Φ2 = 0 means that
Φ and Φ¯ are mutually orthogonal with respect to the analogue of the Hermitian product
(a · b¯) in Dn1 . It follows from here and from formulas (3.1) and (4.2), that these functions
form an orthogonal basis of Tp,D(M) at any point p ∈ M. Therefore, the tangential
projection of Φ′ is represented as follows:
Φ′⊤ =
Φ′⊤ · Φ¯
‖Φ‖2 Φ +
Φ′⊤ · Φ
‖Φ¯‖2 Φ¯ =
Φ′ · Φ¯
‖Φ‖2 Φ +
Φ′ · Φ
‖Φ¯‖2 Φ¯ .
Differentiating Φ2 = 0 we get the following relation:
(5.3) Φ · Φ′ = 0 .
Applying the last equality to the formula for Φ′⊤, we find the projections of Φ′:
(5.4) Φ′⊤ =
Φ′ · Φ¯
‖Φ‖2 Φ ; Φ
′⊥ = Φ′ − Φ′⊤ = Φ′ − Φ
′ · Φ¯
‖Φ‖2 Φ .
Now, direct calculations lead to the equality:
(5.5) ‖Φ′⊥‖2 = ‖Φ‖
2‖Φ′‖2 − |Φ¯ · Φ′|2
‖Φ‖2 .
Taking into account (5.2), we get:
(5.6) K = −4(‖Φ‖
2‖Φ′‖2 − |Φ¯ · Φ′|2)
‖Φ‖6 .
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Denoting by Φ ∧ Φ′ the bivector product of Φ and Φ′, then we have:
‖Φ ∧ Φ′‖2 = ‖Φ‖2‖Φ′‖2 − |Φ¯ · Φ′|2.
Therefore, replacing in (5.6), we obtain the following formula for the Gauss curvature:
(5.7) K = −4‖Φ ∧ Φ
′‖2
‖Φ‖6 .
The last formula for K has the advantage over (5.2), that Φ∧Φ′ is a bivector holomorphic
function.
Now we shall obtain another representation for the tangential projection Φ′⊤ of Φ′.
Next we express the coefficient before Φ in equality (5.4) through E:
Φ′ · Φ¯ = ∂Φ
∂t
· Φ¯ = ∂(Φ · Φ¯)
∂t
− Φ · ∂Φ¯
∂t
=
∂(‖Φ‖2)
∂t
.
In view of equality (3.3), we obtain for the coefficient before Φ in (5.4) the following:
(5.8)
Φ′ · Φ¯
‖Φ‖2 =
∂(‖Φ‖2)
∂t
1
‖Φ‖2 =
∂E
∂t
1
E
=
∂ ln |E|
∂t
.
Hence:
(5.9) Φ′⊤ =
∂ ln |E|
∂t
Φ .
Finally, we shall obtain the classical formula for the Gauss curvature K in isothermal
coordinates, expressed through the second derivatives of E, which is the same through
the second derivatives of ‖Φ‖2, according to (3.3). In order to obtain this equation, we
use (5.9) and write the orthogonal decomposition of Φ′:
(5.10) Φ′ = Φ′⊤ + Φ′⊥ =
∂ ln |E|
∂t
Φ+ Φ′⊥.
Differentiating the last equality with respect to t¯ and using that Φ′ and Φ are holomorphic,
we get:
0 =
∂2 ln |E|
∂t¯∂t
Φ +
∂(Φ′⊥)
∂t¯
.
We multiply the last equality with Φ¯ and find:
(5.11)
∂2 ln |E|
∂t¯∂t
‖Φ‖2 + ∂(Φ
′⊥)
∂t¯
Φ¯ = 0 .
Applying ∂
∂t¯
∂
∂t
= 1
4
∆h and ‖Φ‖2 = 2E to the first addend, we obtain:
∂2 ln |E|
∂t¯∂t
‖Φ‖2 = E∆
h ln |E|
2
.
For the second addend we have:
∂(Φ′⊥)
∂t¯
Φ¯ =
∂(Φ′⊥ · Φ¯)
∂t¯
− Φ′⊥∂Φ¯
∂t¯
= 0− Φ′⊥Φ′
= −Φ′⊥Φ′⊥ = −Φ′⊥Φ′⊥ = −‖Φ′⊥‖2.
Replacing the new expressions for the addends in (5.11), we obtain:
E∆h ln |E|
2
− ‖Φ′⊥‖2 = 0 .
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Taking into account (5.2), we find:
2E∆h ln |E|+K‖Φ‖4 = 0 .
In view of the equality ‖Φ‖2 = 2E, we obtain:
(5.12)
∆h ln |E|
E
+ 2K = 0 .
This is the classical fundamental Gauss equation for a minimal time-like surface, given in
isothermal coordinates.
Now, using formula (5.12), we find another expression for the Gauss curvature K
through Φ:
(5.13) K =
∆h ln |E|
−2E =
∆h ln(−‖Φ‖2)
−‖Φ‖2 .
6. Existence and uniqueness of canonical coordinates on a minimal
time-like surface in Rn1
In the previous considerations of minimal time-like surfaces in Rn1 we have used isother-
mal coordinates. It is known that the minimal time-like surfaces in R31 or in R
4
1 admit
special isothermal coordinates, which have additional properties.
For example, in [9] it is shown that on a minimal time-like surface in R31 with K < 0,
there exist local parameters, which are in the same time principal and isothermal. In
terms of the standard denotations for the coefficients of the second fundamental form
L, M and N , this means that: E = −G, F = 0 and M = 0 . Something more, these
coordinates can be normalized in such a way, that L = N = 1 .
These properties determine the local coordinates uniquely up to the orientation of the
coordinate lines. Further we call these coordinates canonical coordinates. In the case of
K > 0 it is shown that these surfaces in R31 carry locally canonical coordinates, which are
both asymptotic and isothermal. These canonical coordinates are characterized by the
conditions L = N = 0 and M = ±1 .
In [8] it is proved that any surface of a relatively general class of minimal time-like
surfaces in R41 carries locally special isothermal coordinates (u, v), which in our denotations
are characterized as follows:
(6.1)
−x2u = x2v > 0 , σ2(xu, xu) + σ2(xu, xv) = 1 ,
xu · xv = 0 , σ(xu, xu) · σ(xu, xv) = 0 .
These properties of the local coordinates determine them uniquely up to the orientation
of the coordinate lines and further we call them canonical coordinates.
Now, let us see how the properties of the canonical coordinates in R31 and in R
4
1 can be
expressed through the function Φ, given by (3.1). To that end, let us consider equations
(4.9). Taking the scalar square of the second equality, we find:
(6.2) Φ′⊥
2
= σ2(xu, xu) + σ
2(xu, xv) + 2j σ(xu, xu) · σ(xu, xv) .
If M is a minimal time-like surface in R31, given in canonical principal coordinates, then
the conditions M = 0 and L = 1 mean that σ(xu, xv) = 0 and σ
2(xu, xu) = 1 . Then,
it follows from (6.2) that Φ′⊥2 = 1 . If M is given in canonical asymptotic coordinates,
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then the conditions M = ±1 and L = 0 mean that σ2(xu, xv) = 1 and σ(xu, xu) = 0 ,
which again gives Φ′⊥2 = 1 . IfM is a minimal time-like surface in R41, given in canonical
coordinates, then the first two equations of (6.1) give that the coordinates are isothermal,
and the other two equalities again give Φ′⊥2 = 1, according to (6.2).
The above observations on the minimal time-like surfaces in R31 and R
4
1 show how with
the aid of the function Φ, we can generalize the notion of canonical coordinates on a
minimal time-like surface in Rn1 , n ≥ 3 .
We give the following:
Definition 6.1. LetM be a minimal time-like surface in Rn1 , given in isothermal coordi-
nates (u, v), such that E < 0. These coordinates are said to be canonical coordinates,
if the function Φ, given by (3.1), satisfies the condition Φ′⊥2 = 1 .
With the help of equality (6.2) we characterize the canonical coordinates through the
second fundamental form σ as follows:
Proposition 6.1. Let M be a minimal time-like surface in Rn1 , given in isothermal
coordinates (u, v), such that E < 0 . These coordinates are canonical if and only if the
second fundamental form σ satisfies the properties:
(6.3) σ(xu, xu)⊥ σ(xu, xv) , σ2(xu, xu) + σ2(xu, xv) = 1 .
Next we study the existence and the uniqueness of canonical coordinates. First we
establish how the function Φ′⊥2 is transformed under a motion of the surface in Rn1 and
under a change of the isothermal coordinates. If the surface Mˆ is obtained from the surface
M by motion A in Rn1 (possibly improper), it follows from (3.15) that Φˆ′(t) = AΦ′(t).
Since the subspaces Tp(M) and Np(M) are invariant under motion, then the orthogonal
projections of any vector into these subspaces are also invariant. Thus we find:
(6.4) Φˆ′(t) = AΦ′(t); Φˆ′⊥(t) = AΦ′⊥(t); Φˆ′⊥
2
(t) = Φ′⊥
2
(t); A ∈ O(Rn1 ) .
Definition 6.1 is formulated purely analytical, but formulas (6.4) show that the canonical
coordinates are geometrically related to the given minimal surface. The third formula
gives that the canonical coordinates are invariant under a motion of the surface in Rn1 .
We have:
Theorem 6.2. Let the surface Mˆ be obtained from the surface M through motion in Rn1 .
If (u, v) are canonical coordinates on M, then they are also canonical on Mˆ.
Now we consider a change of the isothermal coordinates. Let (u, v) be isothermal coor-
dinates on the minimal time-like surfaceM. At the denotation t = u+jv, let us make the
change t = t(s), where s ∈ D is a new variable, which determines new isothermal coordi-
nates. Denote by Φ˜(s) the function, corresponding to the new coordinates s. Any change
of the isothermal coordinates determines either a holomorphic or an anti-holomorphic
map. We first consider the holomorphic case. Applying formula (3.9), we have Φ˜ = Φt′,
from where Φ˜′s = Φ
′
tt
′ 2 + Φt′′. Since Φ is tangent to M, then Φ⊥ = 0 and therefore we
have:
(6.5) Φ˜′⊥s = Φ
′⊥
t t
′ 2 ; Φ˜′⊥s
2
= Φ′⊥t
2
t′ 4 .
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The case of an anti-holomorphic map is reduced to the special case t = s¯. That is why
it is sufficient to consider the last case. Then according to (3.11) we have: Φ˜(s) = Φ¯(s¯),
from where Φ˜′s(s) = Φ
′
t(s¯). It follows from here that:
(6.6) Φ˜′⊥s (s) = Φ
′⊥
t (s¯) ; Φ˜
′⊥
s
2
(s) = Φ′⊥t
2
(s¯) .
Let D0 be the set defined by (2.2). If Φ
′⊥
t
2 ∈ D0, it easily follows from (6.5) and (6.6),
that Φ˜′⊥s
2 ∈ D0, since the set D0 is closed with respect to a multiplication with an arbitrary
number in D, and as well as with respect to a complex conjugation in D. Therefore the
condition Φ′⊥2 = 1 is impossible at any isothermal coordinates. This means that the
points at which Φ′⊥2 ∈ D0, have to be considered separately. We give the following:
Definition 6.2. Let M be a minimal time-like surface in Rn1 , given in isothermal coor-
dinates (u, v). The point p is said to be a degenerate point on M, if the function Φ,
defined by (3.1), satisfies the condition Φ′⊥2(p) ∈ D0.
Since the above definition is analytic, we have to prove that it determines a geometric
object. Indeed, the following statement is valid:
Theorem 6.3. Let M be a minimal time-like surfaces in Rn1 , given in isothermal co-
ordinates. The property of a point to be degenerate does not depend on the isothermal
coordinates and is invariant under any motion of M in Rn1 .
Proof. The independence of the property a point to be degenerate, as we noted above,
is a direct corollary of formulas (6.5) and (6.6). The invariance of this property under a
motion in Rn1 follows from the third formula in (6.4). 
In order to express the notion of a degenerate point through the second fundamental
form σ, we again consider equality (6.2). This equality implies that:
ReΦ′⊥
2 ± ImΦ′⊥2 = σ2(xu, xu) + σ2(xu, xv)± 2σ(xu, xu) · σ(xu, xv) .
Since the normal space Np(M) of a time-like surface in Rn1 is with positive definite metric,
then we have the following inequality:
(6.7) ReΦ′⊥
2 ± ImΦ′⊥2 = (σ(xu, xu)± σ(xu, xv))2 ≥ 0 .
Taking into account Definitions (2.2) and (2.3) of the sets D0 and D+, respectively, and
the last inequality, we obtain the following relation:
(6.8) Φ′⊥
2 ∈ D0 ∪ D+ .
The case Φ′⊥2 ∈ D0 is exactly when the inequality (6.7) becomes an equality. This
means that σ(xu, xu) = ±σ(xu, xv). If we use the unit vectors X1 and X2, oriented as
the coordinate vectors xu and xv, respectively, then the last equality is equivalent to
σ(X1,X1) = ±σ(X1,X2). Thus the degenerate points on M can be described by the
second fundamental form σ as follows:
Proposition 6.4. If M is a minimal time-like surface in Rn1 and p ∈ M, then the
following conditions are equivalent:
(1) The point p is degenerate: Φ′⊥2(p) ∈ D0.
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(2) For any orthonormal basis (X1,X2) of Tp(M) the following equality σ(X1,X1) =
±σ(X1,X2) is valid.
(3) There exist at least one orthonormal basis (X1,X2) of Tp(M), for which
σ(X1,X1) = ±σ(X1,X2).
The last proposition gives the relation between the set of the degenerate points and the
set of zeroes of the Gauss curvature K.
Proposition 6.5. IfM is a minimal time-like surface in Rn1 , then the set of the degenerate
points of M is a subset of the set of zeroes of the Gauss curvature K of M.
Proof. Let p ∈ M be a degenerate point and (X1,X2) be an orthonormal basis of Tp(M).
Proposition 6.4 gives that σ(X1,X1) = ±σ(X1,X2). Now, it follows from (2.16) that
K(p) = 0 . 
As we showed above, canonical coordinates cannot be introduced in a neighborhood
of a degenerate point and that is why we will consider minimal time-like surfaces free of
degenerate points. We give the following:
Definition 6.3. A minimal time-like surface M in Rn1 is said to be of general type if
it is free of degenerate points.
Taking into account the definition of a degenerate point and (6.8) we obtain the fol-
lowing:
Proposition 6.6. Let M be a minimal time-like surface in Rn1 , given in isothermal
coordinates and D+ be the set, defined by (2.3). Then M is of general type if and only if
at any point the function Φ satisfies the condition:
(6.9) Φ′⊥
2 ∈ D+ .
As we noted above, the projection Φ′⊥ of the function Φ′ is not in general holomorphic,
but we shall prove that the scalar square Φ′⊥2 is always a holomorphic function. In order
to prove that, we again consider equalities (5.4). Squaring the second of them, we get:
Φ′⊥
2
= Φ′2 − 2Φ′Φ
′ · Φ¯
‖Φ‖2 Φ +
(
Φ′ · Φ¯
‖Φ‖2
)2
Φ2.
Applying Φ2 = 0 and Φ · Φ′ = 0 in the last equality, we find:
(6.10) Φ′⊥
2
= Φ′2.
Now, it follows that Φ′⊥2 is a holomorphic function, because Φ′ and therefore Φ′2 are
holomorphic functions.
Now we can clear up the question of existence of canonical coordinates.
Theorem 6.7. Let M be a minimal time-like surface in Rn1 of general type. Then M
admits locally canonical coordinates.
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Proof. LetM be given in isothermal coordinates, determined by the variable t ∈ D. Next
we show how to find a holomorphic function t(s), such that the coordinates, determined
by the new variable s ∈ D, are canonical. Using Definition 6.1 and (6.5) we see that the
new coordinates determined by s are canonical if
(6.11) Φ′⊥t
2
t′ 4 = Φ˜′⊥s
2
= 1 .
According to (6.9) we have Φ′⊥2 ∈ D+, which means that 4
√
Φ′⊥t
2 ∈ D+ is a well defined
differentiable function. Taking a fourth root in (6.11), we obtain the following complex
(over D) ODE of the first order for the function t(s):
4
√
Φ′⊥t
2
dt = ds .
According to (6.10) we can replace Φ′⊥t
2
with Φ′t
2 and then:
(6.12) ds =
4
√
Φ′t
2 dt .
Equation (6.12) is an ODE with separable variables. Since Φ′t
2 is a holomorphic function
of t and the fourth root is also a holomorphic function in D+, then
4
√
Φ′t
2 is a holomorphic
function as well. Therefore we can obtain a solution to (6.12) through an integration:
(6.13) s =
∫
4
√
Φ′t
2 dt .
It follows form the last equality that s′(t) = 4
√
Φ′t
2 ∈ D+ , from where |s′(t)|2 > 0 .
Consequently, (6.13) determines s as a holomorphic and locally invertible function of
t. This means that s gives locally new isothermal coordinates. Further, the inequality
|s′(t)|2 > 0 guarantees the condition E˜(s) < 0 for the new coordinates according to
(3.12). Equation (6.12) is equivalent to (6.11) and therefore the new coordinates are
canonical. 
Remark 6.1. The condition Φ′⊥2 ∈ D+ shows that there do not exist isothermal coordi-
nates, such that Φ′⊥2 = −1 . This means that the minimal time-like surfaces in Rn1 of
general type do not admit canonical coordinates of the second type, unlike the case of the
minimal space-like surfaces in Rn1 .
Next we consider the question of uniqueness of the canonical coordinates.
Theorem 6.8. LetM be a minimal time-like surfaces in Rn1 of general type and let t ∈ D
and s ∈ D˜ be variables, which give canonical coordinates in a neighborhood of a given
point on M. If t and s determine one and the same orientation on M, then they are
related by an equality of the type:
(6.14) t = ±s + c .
If t and s determine opposite orientations on M, then they are related by an equality of
the type:
(6.15) t = ±s¯ + c .
In the above equalities c ∈ D is an arbitrary constant.
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Proof. First we consider the case when t is a holomorphic function of s. Then formula
(6.5) is applicable and since t and s give canonical coordinates, the following equalities
are valid: Φ′⊥t
2
= Φ˜′⊥s
2
= 1 . Consequently (6.5) is reduced to t′4 = 1, from where
t′(s) = ±1; ±j. The equalities t′ = ±j drop out, since they give |t′|2 = −1 < 0 , which is
impossible according to (3.12). Thus, it only remains t′(s) = ±1 . The last is equivalent
to (6.14).
Now, let t be an anti-holomorphic function of s. Introducing an additional variable r
by the equality r = s¯, then formula (6.6) is applicable for r and s and therefore r also
determines canonical coordinates on M. Since t is a holomorphic function of r, then
according to already proven previously, t and r satisfy (6.14). It follows from here that t
and s satisfy (6.15). 
Remark 6.2. The four relations (6.14) and (6.15) geometrically mean that the canonical
coordinates are uniquely determined up to an orientation of the coordinate lines.
Finally we consider the question how the canonical coordinates are changed under the
basic geometric transformations of the minimal time-like surface M in Rn1 .
We have already proved in Theorems 6.2 and 6.3 , that the canonical coordinates and the
degenerate points and hence the property of a surface to be of general type are invariant
under a motion in Rn1 . Now we shall consider how the canonical coordinates are changed
under a homothety in Rn1 .
Theorem 6.9. Let M = (D, x) be a minimal time-like surface in Rn1 and let t ∈ D ⊂ D
be a variable, determining canonical coordinates on M. If the surface Mˆ = (D, xˆ) is
obtained from M through a homothety with coefficient k > 0 in Rn1 , then Mˆ is also a
minimal time-like surface of general type with canonical coordinates, determined by the
variable s given by t = 1√
k
s.
Proof. If the homothety is given by the equality xˆ = kx, then we have: Φˆ = kΦ, Φˆ′t = kΦ
′
t
and respectively Φˆ′⊥t
2
= k2Φ′⊥t
2
. Since t determines canonical coordinates on M, then
the last equality is reduced to Φˆ′⊥t
2
= k2, from where it follows that Mˆ is also of general
type. On the other hand, the condition t = 1√
k
s gives that t′ 4 = 1
k2
. Applying (6.5) to
Mˆ, we get:
˜ˆ
Φ′⊥s
2
= Φˆ′⊥t
2
t′ 4 = k2
1
k2
= 1 .
This means that the variable s gives canonical coordinates on Mˆ. 
Remark 6.3. The formula Φˆ′⊥t
2
= k2Φ′⊥t
2
, obtained in the proof of the last theorem shows
that the property of a point to be degenerate is invariant under a similarity in Rn1 .
Next we show how to obtain the canonical coordinates on the surfaces of the one-
parameter family of minimal time-like surfaces associated to a given one.
Theorem 6.10. LetM = (D, x) be a minimal time-like surface of general type in Rn1 and
let t ∈ D ⊂ D be a variable, giving canonical coordinates on M. If Mθ = (D, xθ) denotes
the one-parameter family of minimal time-like surfaces associated to M, then for any
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θ ∈ R , Mθ is also of general type and the variable s, introduced by t = e−j θ2 s, determines
canonical coordinates on Mθ.
Proof. From the formula (4.18), we find Φθ = e
jθΦ. This equality gives that Φ′θ|t = e
jθΦ′t
and respectively, Φ′⊥θ|t
2
= e2jθΦ′⊥t
2
. Since t determines canonical coordinates on M, then
the last equality reduces to Φ′⊥θ|t
2
= e2jθ, which implies that Mθ is also of general type.
On the other hand, the condition t = e−j
θ
2 s gives t′ 4 = e−2jθ. Now, applying (6.5) toMθ,
we obtain:
Φ˜′⊥θ|s
2
= Φ′⊥θ|t
2
t′ 4 = e2jθe−2jθ = 1 ,
which means that s determines canonical coordinates on Mθ. 
Remark 6.4. The formula Φ′⊥θ|t
2
= e2jθΦ′⊥t
2
, obtained in the proof of the last theorem shows
that the property of a point to be degenerate is invariant for the family of the minimal
time-like surfaces associated to M in the following sense: If p is a degenerate point on
M, then for any θ the point Fθ(p), corresponding to p under the standard isometry Fθ
between M and Mθ, defined in Proposition 4.4, is also a degenerate point on Mθ.
Finally we shall find canonical coordinates on the minimal time-like surface conjugate
to a given one, which we introduced by Definition 4.1 .
Theorem 6.11. LetM = (D, x) be a minimal time-like surface of general type in Rn1 and
let t ∈ D ⊂ D be a variable, giving canonical coordinates on M. If M¯ = (D, y) denotes
the minimal time-like surface conjugate to M, then the surface M¯ is also of general type
and the variable s given by t = js determines canonical coordinates on M¯.
Proof. From the notes just before Definition 4.1 of a conjugate minimal time-like surface
and from formulas (4.16) we know that the variable s determines isothermal coordinates
on M¯, such that Eˆ(s) < 0 . From (4.16) we get: Φˆ(s) = Φ(js) , Φˆ′s(s) = jΦ′t(js) and
respectively, Φˆ′⊥s
2
(s) = Φ′⊥t
2
(js). Since t gives canonical coordinates on M, then the last
equality implies that Φˆ′⊥s
2
(s) = 1 . This means that M¯ is also of general type and s
determines canonical coordinates on M. 
Remark 6.5. The equality Φˆ′⊥s
2
(s) = Φ′⊥t
2
(js), obtained in the proof of the last theorem
shows that the property of a point to be degenerate is invariant under taking a conjugate
minimal time-like surface in the following sense: If p is a degenerate point on M, then
the point F(p), corresponding to p under the standard anti-isometry F between M and
M¯, introduced in Proposition 4.5 , is also a degenerate point on M¯.
7. On the geometric meaning of the canonical coordinates on a minimal
time-like surface in Rn1
Let M be a regular time-like surface in Rn1 and (X1,X2) be an orthonormal basis of
Tp(M) at p ∈ M, such that X21 = −1 . The unit ”circle” {X ∈ Tp(M) : X2 = 1} with
center p in the tangent plane Tp(M) is the following hyperbola:
(7.1) χp : X = ε(X1 sinhψ +X2 coshψ); ψ ∈ R; ε = ±1 .
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Consider the following map S : Y ∈ Tp(M) → σ(Y,Y) ∈ Np(M). For the image of the
hyperbola χp under S we find:
(7.2) σ(X,X) = H +
σ(X1,X1) + σ(X2,X2)
2
cosh(2ψ) + σ(X1,X2) sinh(2ψ) .
Suppose that the vectors
σ(X1,X1) + σ(X2,X2)
2
and σ(X1,X2) are linearly independent or
equivalently that the curvature tensor RN of the normal connection is not zero. Then the
last formula shows that the image of χp is a branch of a hyperbola with center H(p) and
two conjugate diameters determined by the vectors
σ(X1,X1) + σ(X2,X2)
2
and σ(X1,X2).
It is clear that the two vectors
σ(X1,X1) + σ(X2,X2)
2
and σ(X1,X2) always lie in one and
the same normal plane η ⊂ Np(M), which is geometrically connected with the surfaceM
at the point p.
We denote by Hp the hyperbola determined by (7.2) and call it the hyperbola of the
normal curvature ofM at the point p. Therefore, we have the following characterization
of the minimal time-like surfaces in Rn1 through the hyperbola of the normal curvature:
Proposition 7.1. A regular time-like surface M in Rn1 is minimal if and only if the
hyperbola Hp of the normal curvature at any point p is centered at p.
A point p, at which Hp is a rectangular hyperbola, is said to be a superconformal point.
Respectively, if the time-like surface M in Rn1 consists of superconformal points, then it
is said to be a superconformal time-like surface in Rn1 .
Since we study minimal time-like surfaces, further we suppose thatM is minimal. Then
we have H = 0 and σ(X2,X2) = σ(X1,X1). Hence, the formula (7.2) gets the following
form:
(7.3) σ(X,X) = σ(X1,X1) cosh(2ψ) + σ(X1,X2) sinh(2ψ) .
Let now t = u + jv ∈ D determine canonical coordinates on M = (D, x) according
to Definition 6.1 . Denote by (X1,X2) the orthonormal tangent basis, whose vectors
are oriented as the coordinate vectors (xu, xv), respectively. Since the coordinates are
canonical, then σ(xu, xu)⊥σ(xu, xv) according to (6.3). The last condition is equivalent
to σ(X1,X1)⊥σ(X1,X2). Suppose that σ(X1,X1) and σ(X1,X2) are not zero. Thus, the
canonical coordinates onM determine canonical orthonormal basis (n1, n2) of the normal
plane η, whose vectors are oriented as the vectors (σ(X1,X1) , σ(X1,X2)), respectively.
Then we have:
(7.4)
σ(X1,X1) = ν n1 ,
σ(X1,X2) = µ n2 ,
where
(7.5)
ν = ‖σ(X1,X1)‖ ,
µ = ‖σ(X1,X2)‖ ; ν > 0 , µ > 0 .
It is clear that in canonical coordinates σ(X1,X1) lies on the real axis of the hyperbola
Hp, while σ(X1,X2) lies on the conjugate axis of Hp. Respectively, ν is the length of the
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real semi-axis, while µ is the length of the conjugate semi-axis, which implies that ν and
µ are invariant functions of the minimal surface. Further, we have:
(7.6)
σ(xu, xu) = −E ν n1 ,
σ(xu, xv) = −E µ n2 .
Using that the canonical coordinates satisfy σ2(xu, xu)+σ
2(xu, xv) = 1 according to (6.3),
we obtain the equality E2(µ2 + ν2) = 1 , or
E =
−1√
µ2 + ν2
.
Denote by κ the sectional curvature of the normal plane η with respect to the normal
connection of M. Then we have κ = RN(X1,X2)n1 · n2 . This curvature is geometrically
determined up to a sign. In canonical coordinates we have:
(7.7) K = −ν2 + µ2, κ = ±2νµ .
Taking into account the last formulas, we get:
K2 + κ2 = (µ2 + ν2)2.
Hence, in canonical coordinates
E =
−1
4
√
K2 + κ2
.
Equations (7.7) show that the sign of the Gauss curvature determines the relation
between the invariants ν and µ :
K < 0 ⇔ the real semi-axis of Hp is greater than the conjugate semi-axis ;
K = 0 ⇔ Hp is an rectangular hyperbola ;
K > 0 ⇔ the real semi-axis of Hp is less than the conjugate semi-axis .
Thus, the condition K = 0 characterizes the superconformal points on the minimal
time-like surface M of general type. Combining with Propositions 6.4 and 6.5 we obtain
the following statement:
Proposition 7.2. Let p be a point on the minimal time-like surface M in Rn1 and the
Gauss curvature Kp = 0 . Then the point p is either degenerate or superconformal .
Remark 7.1. LetM be a minimal time-like surface, parametrized by canonical parameters
(u, v). Making the special change of the parameters:
u =
u¯+ v¯√
2
; v =
−u¯ + v¯√
2
,
we obtain that the new parametric lines are isotropic. As a corollary of the properties of
the canonical parameters, it follows that (u¯, v¯) are also determined uniquely and can be
considered as canonical isotropic parameters. All formulas in canonical parameters have
their corresponding formulas in canonical isotropic parameters.
24
Canonical Coordinates on Minimal Time -like Surfaces in Rn1
Acknowledgements
The first author is partially supported by the National Science Fund, Ministry of Edu-
cation and Science of Bulgaria under contract DN 12/2.
References
[1] Antonuccio F., Semi-Complex Analysis and Mathematical Physics, (1994), arXiv:gr-qc/9311032v2 .
[2] Al´ıas L., Palmer B., Curvature properties of zero mean curvature surfaces in four-dimensional
Lorentzian space forms, Mathematical Proceedings of the Cambridge Philosophical Society, 124
(1998), 315-327, doi:10.1017/S0305004198002618.
[3] Ganchev G., Kanchev K., Explicit Solving of the System of Natural PDE’s of Minimal Surfaces in the
Four-Dimensional Euclidean Space, C. R. Acad. Bulg. Sci, 67(5) (2014), 623-628, arXiv:1609.01169.
[4] Ganchev G., Kanchev K., Explicit Solving of the System of Natural PDE’s of Minimal Space-like
Surfaces in Minkowski Space-time, C. R. Acad. Bulg. Sci., 70(6) (2017), 761-768, arXiv:1612.06678.
[5] Ganchev G., Kanchev K., Relation Between the Maximal Space-like Surfaces in R4
2
and
the Maximal Space-like Surfaces in R3
1
, C. R. Acad. Bulg. Sci., 72(6) (2019), 711-719,
doi:10.7546/CRABS.2019.06.02.
[6] Ganchev G., Kanchev K., Canonical Weierstrass Representations for Maximal Space-like Surfaces
in R42, (2019), arXiv:1906.09935.
[7] Ganchev G., Mihova V., On the invariant theory of Weingarten surfaces in Euclidean space. J. Phys.
A: Math. Theor., 43 (2010), 405210-405236, doi:10.1088/1751-8113/43/40/405210, arXiv:0802.2191.
[8] Ganchev G., Milousheva V., Timelike Surfaces with Zero Mean Curvature in Minkowski
4-Space, Israel Journal of Mathematics, 60(1) (2013), 413-433, doi:10.1007/s11856-012-0169-y,
arXiv:1111.4307.
[9] Ganchev G., Canonical Representations of Minimal Time-like Surfaces in Three-Dimensional
Minkowski Space and Explicit Solving of Their Natural PDE . (to appear)
[10] Itoh T., Minimal surfaces in 4-dimensional Riemannian manifolds of constant curvature, Kodai
Math. Sem. Rep., 23 (1971), 451-458, doi:10.2996/kmj/1138846637.
[11] Konderak J. J., A Weierstrass Representation Theorem for Lorentz Surfaces, Complex Var. Theory
Appl., 50(5) (2005), 319-332 .
[12] Milousheva V., Aleksieva Y., Minimal Lorentz Surfaces in Pseudo-Euclidean 4-Space with Neutral
Metric, Journal of Geometry and Physics, 142 (2019), 240-253, doi:10.1016/j.geomphys.2019.04.008,
arXiv:1705.06151.
[13] Motter A. E., Rosa M. A. F., Hyperbolic calculus, Adv. Appl. Clifoord Algebras, 8(1) (1998), 109-
128, doi:10.1007/BF03041929,
https://www.researchgate.net/publication/225328790 Hyperbolic Calculus .
[14] Sakaki M. Spacelike Maximal Surfaces in 4-dimensional Space Forms of Index 2, Tokyo J. Math.,
25(2) (2002), 295-306 .
[15] Sakaki M. Lorentzian Stationary Surfaces in 4-dimensional Space Forms of Index 2, Tsukuba J.
Math., 35(2) (2011), 215-229 .
[16] Tribuzy R., Guadalupe I., Minimal immersions of surfaces into 4-dimensional space forms, Rend.
Sem. Mat. Univ. Padova, 73 (1985), 1-13 .
Bulgarian Academy of Sciences, Institute of Mathematics and Informatics, Acad. G.
Bonchev Str. bl. 8, 1113 Sofia, Bulgaria
E-mail address : ganchev@math.bas.bg
Department of Mathematics and Informatics, Todor Kableshkov University of Trans-
port, 158 Geo Milev Str., 1574 Sofia, Bulgaria
E-mail address : kbkanchev@yahoo.com
25
